In this paper, we compute the number of elliptic curves with given local conditions, for example, having good reduction at p. As applications, we give an upper bound of n-th moments of analytic ranks of elliptic curves, and an upper bounds for the probability that an elliptic curve has analytic rank ≤ a for a ≥ 11 under GRH for elliptic L-functions.
Introduction
In [Bru92] , the author shows that the number of elliptic curves whose height is less than X is 4 ζ(10) X 5 6 + O(X 1 2 ). In this paper, we will compute the number of elliptic curves with a given local condition at prime p ≥ 5. Here a local condition at p means one of good reduction, bad reduction, multiplicative reduction, additive reduction, a p in the Weil bound [1] , split and non-split reduction, or one of the Kodaira-Néron type.
Before stating the main results, we explain the model of elliptic curves in our consideration.
We treat elliptic curves of the form:
(1.1) E A,B : y 2 = x 3 + Ax + B, A, B ∈ Z if a prime q satisfies q 4 | A, then q 6 ∤ B.
We denote the prime condition by (M ). Elliptic curves in this model might be not minimal at 2 and 3 but are minimal at all primes q ≥ 5. Also, each isomorphism class of elliptic curves appears in this model exactly one time. We define a naive height of We compute the cardinalities of various subsets of E(X) with a local condition at a prime p. We can count elliptic curves with good reduction at p in a finer way. Let a p (E) = p+1−♯E(F p ).
Then, we have |a p (E)| ≤ ⌊2 √ p⌋, which is the Weil's bound. We can count elliptic curves with a p = a for any a satisfying |a| ≤ ⌊2 √ p⌋. Then, we have, for a prime 5 ≤ p ≤ X 1 3 , |E a p (X)| = (p − 1)H(a 2 − 4p) 2p 2 p 10 p 10 − 1 4 ζ(10) X
where H(·) is a Hurwitz class number.
We also count elliptic curves with bad reduction at p in a finer way. Bad reduction is represented by one of the Kodaira-Néron types. Let We can count elliptic curves with type T at a prime p. We can count elliptic curve not only with a single local condition but also with a finitely many local conditions. Let S = (LC p i ) be a finite set of local conditions, where LC p can be good, bad, split, non-split, additive, a p , or T . We also define m i = m T when LC p i = T , and 1 for other cases.
Let |LC p | be the probability given in Theorems 1.1, 1.2, and 1.3 and, let us define |S| = i |LC p i |.
Let
In the following theorem, we show that these conditions are independent.
Theorem 1.4. Let p i , i = 1, 2, · · · , n be distinct primes for which are greater than 3, and
We note that when LC p = a, then c p = p−1 2p H(a 2 − 4p).
In [Wat08, §3.4], Watkins predicted probabilities for Kodaira-Néron types at a prime p ≥ 5 with a heuristic approach. Our results agree with those in [Wat08] . Also, we found a result [BCD11] of counting elliptic curves with a local condition a p . In [BCD11] they consider the family of elliptic curves y 2 = x 3 + Ax + B without the minimality condition (M ), hence it contains many isomorphic elliptic curves. Their dominant error term is O(X 5 6 /p), which is much weaker than O(H(a 2 − 4p)X 1 2 ) in Theorem 1.2 for a small prime p. It is worth to remark that in [Won01] , the author used a similar method to show that about 17.9% of elliptic curves over the rational numbers are semistable.
In this paper, we give two applications of Theorem 1.1 -1.4. The first one is about the distribution of analytic ranks of elliptic curves over the rational numbers. Let P (r E ≥ a) be the proportion of elliptic curves with analytic rank r E ≥ a. We give a numerical bound for
Theorem 1.5. Assume GRH for elliptic L-functions. Let C be a positive constant, let n a positive integer. We have
Now, we can give a numerical evidence that there are at most a small proportion of elliptic curves with large analytic ranks. Then,
For small a's, P (r E ≤ a) is recorded in the following table. Remark.
(1) The model of [PPVW19] conjectures that there are only finitely many elliptic curves with rank > 21, and we show that the proportion of elliptic curves with analytic rank > 21 is less than 0.0035 under the GRH for elliptic L-functions.
(2) Heath-Brown's result [H-B04, Theorem 2] seems stronger than ours for a very large rank a.
However, our emphasis is on a small rank a not a large rank a. Theorem 1.5 is not an explicitation of the implicit constant in [H-B04, Theorem 2], and our method of the proof is different. For the proof, we establish the Frobenius trace formula for elliptic curves (Theorem 3.1), which is a new tool for elliptic curves. In the process of proof, we encounter the following inequality:
Since, using the Frobenius trace formula, we have the equality
we don't lose any information for the inequality. See [H-B04, Sec. 7]. Our approach is in the same spirit with Katz and Sarnak's n-level density conjecture. For the introduction to the n-level density conjecture and some partial results, we refer to [Rub, Mil, CK15] .
(3) In the proof of the Frobenius trace formula, Theorem 3.1, we use similar arguments in (4) For algebraic ranks, we remark that the recent development of [BS15, BS] gives better bounds than ours. Since the average of the order of Sel 5 (E/Q) is 6 by [BS] , we have
by the exact sequence
Hence for example, P (r E < 20) is bounded by 1 − 6/5 20 ≈ 0.99999999999993708544. However, for the average of analytic ranks, Young's bound 25 14 [You06] under GRH is the best record. It gives a bound for P (r E ≥ a), which is 25 14a .
The second application is regarding the moments of the analytic ranks of elliptic curves. One can show that the limsup of n-th moments of analytic ranks of elliptic curves exist, by applying the result of Heath-Brown [H-B04, Theorem 2]. Using an approach of Miller [Mil] , we propose an explicit upper bound on the n-th moment of analytic ranks for every positive integer n.
Theorem 1.7. Assume GRH for elliptic L-functions. Let r E be the analytic rank of an elliptic curve E. Let σ n = 2 9n for a positive integer n. For every positive integer n, we have
where S runs over subsets of {1, 2, 3, . . . , n}, and S 2 runs over subsets of even cardinality of the set S. In particular, the limit sup of the 2nd moment of analytic ranks is bounded by 90.584 and the limit sup of the 3rd moment of analytic ranks is bounded by 2758.
In Section 2, we give a proof for Theorem 1.1 -1.4. In Section 3, we state and give a proof for the Frobenius trace formula for elliptic curves. Section 4 is devoted for the proof for Theorem 1.5 and 1.7.
Counting Elliptic Curves
In this section, we count elliptic curves with given local conditions. We recall the notations and the proof of [Bru92] . Let It directly implies |D ′ (X)| = X 1 12 d=1 |M(d −12 X)|. For a complex valued functions G defined over [1, X] and a positive real number c, and a function F is given by
A Möbius inversion formula gives
Let F (X) := |D ′ (X)|, G(X) := |M(X)|, and c = 12. Then, (2.1) implies that
follows.
2.1. With a single local condition. In this section, we give proofs of Theorems 1.1, 1. 
singular curve, elliptic curve) whose mod p m reduction is a curve given by y 2 = x 3 + αx + β, and
For an analogue of (2.2), we need to calculate D p m ,α,β (X) and to find a relation between
Lemma 2.1. Let m ≤ C, n ≤ D and α ∈ Z/mZ, β ∈ Z/nZ. The cardinality of a set
where (C + 1) (resp. (D + 1)) is the residue of (C + 1) modulo m (resp. (D + 1) modulo n).
Furthermore,
Proof. We can check that d * M's on the right hand side are disjoint. Since the set {d ′ ∈ Z + :
We denote this maximal element by
It is equivalent to
Hence we have the first equality. For the second one,
We first compute the size of the set of singular curves S p m ,α,β (X).
Proof. We have
Since A should be a square, we may assume that α is a square in Z/p m Z. Let α ′ and A ′ be an element such that (α ′ ) 2 = α and (A ′ ) 2 = A. The number of A ′ ≤ X 1 6 equivalent to ±α ′ modulo p m is less than (⌊ 2 p m X 1 6 ⌋+ 1). If A is given, there are at most two choices for B, so the cardinality of the set is bounded by 4
Furthermore, 
Hence we have the first one. On the other hand, (2.2) and
give the result for |E p,0,0 (X)|.
Proof of Theorem 1.1. We note that the number of elements in
Now, the number of elliptic curves whose naive height is less than X, and have good reduction at p ≥ 5 is
By Proposition 2.4, we have
On the other hand, we have
We note that this result match with Watkins' heuristic [Wat08, §3.4]. We also remark that the probability that E has bad reduction at p is not equal to p p 2 p 10 p 10 −1 , since the main term of estimates of |E p,0,0 (X)| is different with that of |E p,α,β (X)| for nonzero (α, β).
Let K be an imaginary quadratic field and O be an order of K. We define the Hurwitz class Proof of Theorem 1.3. We note that when E has multiplicative reduction at p if and only if p ∤ A,
where p ≥ 5. We need the following elementary lemma for elliptic curves with type I m .
Lemma 2.5. Let p ≥ 5 be a prime and m ≥ 1 be an integer. Then,
Proposition 2.6. For a prime 5 ≤ p ≤ X Let E split p (X) (resp. E nonsplit p (X)) be the set of elliptic curves with split (resp. nonsplit) multiplicative reduction at p. Then for a prime 5 ≤ p ≤ X Proof. We note that E has reduction type I m at p if and only if it has multiplicative reduction and p m ∆ E . By Lemma 2.5, the number of (α, β) in ((Z/p m+1 Z) × ) 2 satisfying
Since E A,B has split multiplicative reduction at p if and only if B ≡ −β ′2 modulo p for some β ′ ∈ F × p , the case for split multiplicative reduction follows by Proposition 2.4 and Lemma 2.5. Since we get the non-split case.
We note that the probability that an elliptic curve E A,B has reduction type I m at p is 1 − 1 p 2 p 10 p m (p 10 − 1) , which coincides with the result of [Wat08] .
If E A,B has additive reduction at p, then p divides both A and B. The following is a summary of the results of the Tate algorithm: 
So there are p(p − 1)-choices of (α, β) ∈ (Z/p 2 Z) 2 . Therefore, For type IV, the condition is p 2 | A and p 2 B. There are p 2 (p 2 − p)-choices of (α, β) modulo p 4 .
Hence We note that m T = 6, 5, 7 for T = IV * , III * , II * , 2, 3, 4 for T = II, III, IV, and c IV * , c III * , c II * are −1, −3, −2, respectively.
We also note that the statements of the proposition match with those of [Wat08] .
As Lemma 2.5, we need the following lemma for the elliptic curves with type I * m .
Lemma 2.9. For m > 0, we have
For m = 0, we have |{(α, β) ∈ (Z/p 6 Z) 2 : p 2 α, p 3 β, p 6 4α 3 + 27β 2 }| = p 6 (p − 1). Proof. It follows from Proposition 2.4 and Lemma 2.9. More concretely, . Now, Theorem 1.3 follows from Proposition 2.6, 2.8, and 2.10.
2.2.
With finitely many local conditions. In this section, we give a proof of Theorem 1.4.
Let P = {p m i i } be a finite set of powers of primes such that p i ≥ 5, I = I P be a set of nonzero (α i , β i ) ∈ (Z/p m i i Z) 2 . We also define a convolution on I by
We define two sets Here d ≤ X 1 12 and Proof. One can easily get a CRT-version of Lemma 2.1. In other words, the cardinality of
Hence we have We recall some notations in Section 1. Let LC p be one of good, bad, split, non-split, an integer a p in the Weil's bound at p, or one of the Kodaira-Néron types T . We define |LC p | as a
, that is given in Theorem 1.1, 1.2, and 1.3 . For the finite set of local conditions
Now we are ready to prove Theorem 1.4. We first assume that any LC p is neither bad nor additive. When S = (LC p i ) is given, we define m i is 1 if LC p i is good, a p , split, or non-split, and
, then in the proof of Theorem 1.1, 1.2 and 1.3, there are 
Hence we proved this theorem except when there is a local condition LC p which is either bad or additive.
We use an induction on the number of LC p 's that are bad. Let S = (LC p ) be a finite set of local conditions such that there is an LC pn which is bad, and S ′ = S − LC pn . By induction hypothesis for S ′ ∪ LC ′ pn where LC ′ pn is good, we have
Again by induction hypothesis for S ′ , we have
Since |E S ′ (X)| = |E S ′ ∪LC ′ pn (X)| + |E S (X)|, we can count elliptic curves with bad reduction conditions.
We can do the same thing for additive condition because additive condition is the complement of the union of the conditions good, split, and non-split.
The Frobenius Trace formula for elliptic curves
Let L(s, E) be the normalized elliptic L-function and for which we have
Here is the Frobenius trace formula for elliptic curves. Let p i be distinct primes ≥ 5 such that k i=1 p i = O(X 1 3 −ǫ ) for a fixed positive ǫ > 0. Assume e i = 1 or 2, and r i is odd or 2 if e i = 1, r i = 1 if e i = 2 for i = 1, . . . , k. Then,
0 if e j = 1 and r j is odd for some j, −1 if r j = 2 for all j with e j = 1, and the sum of r j 's with e j = 2 is odd,
and r is either the smallest odd integer r i or 0 if there is no odd r i , and the last error term exists only if e i = 1 and r i = 2 or e i = 2 for all i.
Also, we have
where d = 0 if e j = 2 or e j = 1 and r j is odd for some j,
1 if e i = 1 and r i = 2 for all i. and the last error term exists only if e i = 1 and r i = 2 or e i = 2 for all i.
We give a proof of Theorem 3.1 for one prime and two primes. First, we consider The next case is
From the identity |a|≤⌊2 √ p⌋ a 2 H(a 2 −4p) = 2p 2 −2 which is an application of the Eichler-Selberg trace formula [Bir68] , [2] the contribution for good reductions at p is Hence we have
The last case for a single prime p is
Note that a E (p 2 ) = a E (p) 2 − 2 when E has good reduction at p, and a E (p 2 ) = a E (p) 2 when E has bad reduction at p. Then, from the computation for the previous case, we can see easily that
, which is exactly the trace formula for one prime in Theorem 3.1. Now, we consider the trace formula for two primes
Assume that e 1 = 1 and r 1 is odd. Fix a local condition for the second prime p 2 . We vary the local conditions for the first prime p 1 , and this gives O(2 r 1 p 1 c p 2 X 1 2 ). Then we sum up this term over all local conditions for p 2 , the error term O(2 r 1 p 1 p 2 X 1 2 ) follows. Now, we need to deal with the cases e i = 1 and r i = 2 or e i = 2 and r i = 1 for i = 1, 2.
First, we consider the cases LC p 1 = a 1 , and LC p 2 = a 2 for |a 1 | ≤ ⌊ √ p 1 ⌋, |a 2 | ≤ ⌊ √ p 2 ⌋. Their contribution is, for example r 1 = r 2 = 2,
which is, by the identity |a|≤⌊ √ p⌋ a 2 H(a 2 − 4p) = 2p 2 − 2, 4 ζ(10) X
Since the case that p 1 or p 2 has multiplicative reduction, using the trivial bound for
, we verify the trace formula for r 1 = r 2 = 2 case. The other three cases can be handled similarly and we have
For a general k primes, we can prove the trace formula in the same way.
For λ E (p e ), we note that λ E (p) = a E (p) and λ E (p 2 ) = a E (p) 2 − 1 if E has good reduction at p and λ E (p 2 ) = a E (p) 2 otherwise. Hence, we can prove the trace formula for λ E (n) similarly.
The distribution of analytic ranks of elliptic curves
From now on, assume that every elliptic L-function satisfies Generalized Riemann Hypothesis.
Let γ E denote the imaginary part of a non-trivial zero of L(s, E). We index them using the natural order in real numbers:
if analytic rank r E is odd,
In this section, first we obtain an upper bound on every n-th moment of analytic ranks of elliptic curves and obtain a bound on the proportion of elliptic curves with analytic rank r E ≥ (1 + C)9n
for a positive constant C and a positive integer n. For this purpose, we compute an n-level density with multiplicity. See [Mil, Part VI] .
For σ n = 2 9n , we choose the following test function.
φ n (u) = 1 2 1 2 σ n − 1 2 |u| for |u| ≤ σ n , and φ n (x) = sin 2 (2π 1 2 σ n x) (2πx) 2 .
Note that φ n (0) = σ 2 n 4 and φ n (0) = σn 4 . We can understand the constant 2 9 as the limit of our trace formula. Then, easily we can check
The n-level density with multiplicity is
where γ E,j k is an imaginary part of j k -th zero of L(s, E). Then, trivially we have
We show that for any n, D * n (E, Φ) has a closed expression. By Weil's Explicit formula,
where the inequality holds due to log N E / log X ≤ 1 + O(1/ log X) by Ogg's formula [Sil, §11] .
where m's are primes or squares of a prime. By the standard argument such as [Rub, Lemma 2] or [CK15, Lemma 4.4], we can take the term O(1/ log X) out of the bracket, and we have
where m i 's are primes or squares of a prime with m i ≤ X 2 9n and S = {i i , i 2 , . . . , i k } runs over every subset of {1, 2, 3, · · · , n}. In next two propositions, we show that only the terms m i 1 m i 2 · · · m i k = give the main term and the contribution of the other terms is O(1/ log X).
Proposition 4.2.
Proof. Note that a E (m i 1 ) a E (m i 2 ) · · · a E (m i k ) is of the form a E (p 1 ) e 1 a E (p 2 ) e 2 · · · a E (p t ) et a E (q 2 1 ) l 1 a E (q 2 2 ) l 2 · · · a E (q 2 s ) ls ,
with with e 1 + · · · + e t + l 1 + · · · + l s = k. Here p 1 , p 2 , . . . , p t are distinct primes and q 1 , q 2 , . . . , q s are distinct primes, but some q j might be equal to some p i . For a while we assume that the primes p 1 , . . . , p t , q 1 , . . . , q s are all distinct.
Since one of e i 's is odd by our assumption, then by the Frobenius trace formula 3.1,
E∈E(X)
a E (p 1 ) e 1 a E (p 2 ) e 2 · · · a E (p t ) et a E (q 2 1 ) l 1 a E (q 2 2 ) l 2 · · · a E (q 2 s ) ls = O(p 1 p 2 · · · p t q 1 q 2 · · · q s X 1 2 ).
The contribution of this case in the worst situation is at most ≪ X Now, we assume that some p i is equal to some q j . Since a E (q 2 ) l = ( a E (q) 2 − 2) l if E has good reduction at q and a E (q 2 ) l = a E (q) 2l otherwise, still we can use the Frobenius trace formula. 
Proof. In this proof, we compute the double sum not considering the term 1 |E(X)| −2 log X k . We show that every contribution except one is ≪ X 5 6 (log X) k−1 , hence they become the error term O(1/ log X) in the end.
Note that a E (m i 1 ) a E (m i 2 ) · · · a E (m i k ) is of the form a E (p 1 ) e 1 a E (p 2 ) e 2 · · · a E (p t ) et a E (q 2 1 ) l 1 a E (q 2 2 ) l 2 · · · a E (q 2 s ) ls ,
with with e 1 + · · · + e t + l 1 + · · · + l s = k and e i 's are all even. If e i ≥ 4 for some i or l j ≥ 2 for some j, then by the trivial bound, this term is majorized by X 5 6 (log X) k−1 . Let S 2 be a subset of S with even cardinality 2t: S 2 = {i a 1 , i a 2 , · · · , i a 2t−1 , i a 2t }, S c 2 = {i b 1 , i b 2 , · · · , i bs }.
There are (2t)!/2 t ways to pair up two elements in S 2 . For example, we consider the following pairings.
(i a 1 , i a 2 ), (i a 3 , i a 4 ), (i a 5 , i a 6 ), · · · , (i a 2t−1 , i a 2t ).
This set of pairings corresponds the following sum
where 2t + s = k. By the Frobenius trace formula, the above sum is |E(X)| · 1 if s is even, −1 if s is odd + O p 1 · · · p t q 1 · · · q s X 1 2 + 1 p 1 + · · · + 1 p t + 1 q 1 + · · · 1 q s X 5 6
.
The contribution from the error term O(p 1 · · · p t q 1 · · · q s X 1 2 ) is dominated by (X 
